We propose a mechanism for the generation of a magnetic field in the early universe during the QCD crossover assuming that dark matter is made of axions. Thermoelectric fields arise at pressure gradients in the primordial plasma due to the difference in charge, energy density and equation of state between the quark and lepton components. The axion field is coupled to the EM field, so when its spatial gradient is misaligned with the thermoelectric field, an electric current is driven. Due to the finite resistivity of the plasma an electric field appears that is generally rotational. For a QCD axion mass consistent with observational constraints and a conventional efficiency for turbulent dynamo amplification -driven by the same pressure gradients responsible for the thermoelectric fields -a magnetic field is generated on subhorizon scales. After significant Alfvénic unwinding it reaches a present day strength of B ∼ 10 −13 G on a characteristic scale LB ∼ 20 pc. The resulting combination of BL 1/2 B is significantly stronger than in any astrophysical scenario, providing a clear test for the cosmological origin of the field through γ-ray observations of distant blazars. The amplitude of the pressure gradients may be inferred from the detection of concomitant gravitational waves, while several experiments are underway to confirm or rule out the existence of axions.
Magnetic fields are a ubiquitous feature of astrophysical plasmas and may plausibly have originated from primordial seed fields [1] . In fact the 'turbulent dynamo' can efficiently amplify tiny, i.e. dynamically negligible, magnetic seeds at an exponential rate [2, 3] , a result supported by laboratory experiments [4] [5] [6] . Initial seeds are nevertheless nontrivial to generate in a perfectly conducting astrophysical plasma. Viable mechanisms proposed earlier include Compton drag [7, 8] or the 'Biermann battery', both at cosmic shocks and ionisation fronts [9] [10] [11] , and speculative processes in the early universe [12] . In addition for most astronomical systems -from compact objects like stars to the interstellar medium of galaxies -the time scale of the turbulent dynamo (in the regime when the magnetic field is dynamically important) is much shorter than the age of the universe and, in agreement with astronomical observations, the growth of magnetic energy saturates as it reaches approximate equipartition with the turbulent kinetic energy. This picture for the turbulent dynamo origin of magnetic field appears to continue to hold even in galaxy clusters, where the scale of the turbulence is much greater and consequently the dynamo remains unsaturated [13, 14] .
However, recent analyses of the γ-ray spectra of distant blazars suggest the presence of a magnetic field exceeding 10 −18 − 10 −15 G in cosmic voids [15] [16] [17] where the turbulent dynamo is unlikely to operate. The only viable astrophysical mechanism for the generation of such fields is based on return currents induced by cosmic-rays escaping from young galaxies and streaming in the high resistivity, non-uniform intergalactic plasma, just prior to reionisation [18] [19] [20] . This mechanism cannot however generate a field stronger than ∼ 10 −17 − 10 −16 G, while the rather * Corresponding author: gianluca.gregori@physics.ox.ac.uk conservative lower limit of 10 −18 G from current blazar observations [21] is likely to improve significantly when the Cherenkov Telescope Array begins operations [22] . It is of interest, therefore, to explore alternative scenarios of cosmic magnetogenesis.
The early universe provides perhaps the only alternative scenario for the generation of magnetic fields in cosmic voids. The quantum-chromodynamic (QCD) transition which occurs at t QCD ∼ 10 −5 s, T QCD ∼ 150 MeV, when free quarks and gluons are confined into hadrons, is particularly interesting as thermoelectric fields arise at pressure gradients as a result of the different charge density, energy density and equation of state of the quark and lepton components [23] . It was previously thought that the confinement process involves a first-order phase transition resulting in hadronic bubbles that nucleate and collide producing shock waves throughout the primordial plasma [24, 25] . Under these conditions the thermoelectric field would have a rotational component and, analogous to the case of the 'Biermann battery', generate a magnetic field [23, 26] . However, it has subsequently been realised via realistic lattice simulations that the confinement of hadrons does not involve a phase transition but is just a smooth crossover without formation of shocks [27, 28] . The fluid remains barotropic and the thermoelectric field irrotational. However the latter may still generate a magnetic field [29] by interacting with a pseudo-scalar axion field [30] , which couples to the electro-magnetic (EM) field via the Primakoff mechanism. This is the mechanism we consider in this paper, assuming that dark matter in fact consists of axions.
The axion (a) is the pseudo Nambu-Goldstone boson of the broken U (1) Peccei-Quinn symmetry [31] which was introduced to explain the absence of CP violation in strong interactions [32, 33] . It acquires a mass m a ≃ 6 µeV(10 12 GeV/f a ) at temperatures below the QCD scale through mixing with the π 0 and η mesons.
Here f a is the axion decay constant, related to the vacuum expectation value v a that breaks the Peccei-Quinn symmetry as f a = v a /N , where N characterises the colour anomaly of U (1) PQ and equals 6 for the original Weinberg-Wilczek-Peccei-Quinn axion model. If cosmological inflation occurs after the Peccei-Quinn symmetry breaking, the axion field is homogenised over the observable universe [34] . When the temperature drops to the QCD scale the axion field acquires a mass and starts oscillating on a scale λ a = 2π/m a . The energy density of these oscillations is of order the critical density of the universe for f a ∼ 10 12 GeV, hence the "invisible axion" is a well-motivated candidate for the dark matter [35] [36] [37] [38] . The axion mass effectively sets in at T ∼ 1 GeV (t ∼ 2 × 10 −7 s) due to non-perturbative QCD instantons which turn on sharply as the temperature drops, hence from then onwards the axion field oscillates around a constant value [38] . Accordingly, the axion field evolves as a(R) = (2ρ eV 4 the comoving dark matter density [40] (hereafter we use natural units = c = k B = 1), and R the scale factor of the universe normalized to unity at the present time [41] .
The axion coupling to the EM field is commonly described through a Lagrangian term
is the axion-photon coupling, α is the fine structure constant, ξ ∼ 2 depending on the specific axion model considered [42] , and E, B are the electric and magnetic field, respectively. With the addition of the above Lagrangian term, Maxwell's equations in comoving coordinates read [29, 43] :
where ρ and J are the charge and current density, respectively, and all variables are in comoving units. In particular the E and B fields are subtracted off the respective components arising from Hubble expansion.
As mentioned already, a thermoelectric field arises at pressure gradients in the primordial plasma due to a slight asymmetry in the charge, energy density and equation of state of the quark and leptonic components. Thus the strength of the field is only a fraction ǫ ∼ 0.1 of the usual baroclinic term [23] . Hence, in the absence of a magnetic field, Ohm's law in comoving units reads
where
is the comoving plasma resistivity (for T > 1 MeV), P = 7π 2 g * R 4 T 4 /720 the comoving pressure with g * the number of relativistic degrees of freedom, n = 3ζ(3)g * R 3 T 3 /4π 2 the comoving density with ζ the Riemann zeta function (and ζ(3) ≈ 1.2). We notice that while g * can vary up to an order of magnitude near the QCD crossover, the electric field remains insensitive to its value. Taking again the magnetic field to be initially zero, Ampere's equation yields
Substituting the above into Ohm's law (5) we find an electric field
where,
Using λ a as the characteristic scale length of the axion field, we can determine A A A (with ξ = 2):
Thus, the electric field is dominated by the thermoelectric term, H H H. When A A A = 0, the curl of the electric field describes the generation of magnetic field via the usual baroclinic mechanism. This, however, vanishes in the present context as the fluid remains barotropic during the QCD crossover. The thermoelectric field plays nevertheless an important role. Inspection of Eqs. (6) and (7) shows that, provided the axion field gradient and the thermoelectric field are not exactly aligned, an electric current is driven in the primordial plasma through their interaction. Owing to the finite resistivity of the plasma the current has an associated electric field, which gives rise to the new terms in Eq. (7) . Unlike the simple thermoelectric term this resistive field has in general a rotational component. In view of the smallness of A A A the rotational electric field is simply the cross product A A A×H H H.
This process generates a magnetic seed of strength AH t QCD ∼ 0.1 µG. However, the same pressure gradients giving rise to the thermoelectric fields will generally drive large scale plasma motion initiating a turbulent cascade. This can lead to significant amplification of the initial seed by turbulent dynamo action. The amplitude of the pressure fluctuations is potentially observable via the detection of the associated emission of gravitational waves [45] . Nevertheless, detailed studies of the QCD crossover on the lattice are consistent with expectations from the phenomenological hadron resonance gas model in which fluctuations in the thermodynamic properties of order ∼ 1/ √ g * arise on all scales up to the horizon [46] [47] [48] . This implies fluctuations, δP/P , of similar order in the pressure of the hadronic plasma which in turn induce velocity fluctuations of strength δu/c s ∼ 1/ √ g * , where c s = 1/ √ 3 is the sound speed.
We
with L H = 2 t QCD the particle horizon at that time. Numerical simulations show that the power spectrum of the turbulent cascade for mildly relativistic flows, i.e. with Lorentz factor Γ ≃ 0.4−1.7 appropriate for the velocity fluctuations considered here, is well described by the classical theory of Kolmogorov [49, 50] . Since the induction equation remains unchanged in the relativistic regime, we expect the turbulent dynamo to operate analogously to the classical case [2, 3] , as is supported by numerical studies that have started to address such questions [49, 51] . In particular the magnetic field is expected to grow exponentially and thus quickly reach equipartition with the turbulent kinetic energy at the Kolmogorov scale during the initial kinematic phase, and grow thereafter at a rate that is a fraction η B of the turbulent dissipation rate, ε turb ≃ (1/3) 3/2 ρ δu 3 /L u [14, 52] , where the radiation energy density is ρ = π 2 g * T 4 /30. The magnetic field growth carries on over an e-folding time, t QCD , stalling afterwards when the large-scale velocity field is damped by cosmological expansion. The magnetic energy accumulated in the process is thus
independent of g * . Since L u /δu ≈ 2 t QCD , this is simply a fraction 0.2 η B of the available kinetic energy. For an efficiency η B of order a few percent, characteristic of very high Reynolds number flows [14, 52] , the magnetic field in comoving units is (11) yielding an Alfvén speed
and a characteristic Alfvén scale, where the magnetic energy balances the turbulent kinetic energy (assuming again a Kolmogorov cascade):
(13) As the large scale velocity flow is damped by cosmological expansion and the cascade dissipates, the dynamo action stops and the magnetic field begins to unwind. This roughly leads to a configuration in which the magnetic field is coherent on domains of order the Alfvén scale and uncorrelated on larger scales. As the field unwinds the magnetic tension at the boundaries of these domains will tend to rearrange the field at a rate determined by the Alfvén speed in such a way as to increase its correlation length, freeing magnetic energy in the process.
If the magnetic field is frozen in the plasma, the correlation length will simultaneously increase due to cosmological expansion. The growth of the magnetic field correlation length can thus be described by the following equation [53] conveniently cast in comoving form as:
The release of magnetic energy associated with the realignment of randomly oriented domains of coherent field is governed by conservation of magnetic flux. This assumption is justified below where it is found that effects due to finite resistivity of the plasma may safely be neglected. For a magnetic field B correlated up to a scale L B , conservation of magnetic flux from randomly superposed magnetic bundles through a surface enclosed by a material line of size
Furthermore, if the plasma in which the field is frozen is subject to cosmological expansion, L ∝ R, one has
so that a comoving magnetic field will decay during cosmic expansion if its correlation length, L B , grows faster than the scale factor [53] . This description for the coupled evolution of B and L B for a decaying non-helical turbulent magnetic field based on Eqs. (14) and (15) appears to really capture the essential physics despite its simplicity. In fact, ignoring for a moment the effect of cosmic expansion (i.e. setting R, ρ = const), Eq. (15) implies the constancy of the magnetic Lundquist number,
Thus v A ∝ 1/L B and substituting into Eq.(15) and solving we find L B ∝ t 1/2 . This result and the constancy of Lu M are indeed fully consistent with results from numerical simulations of decaying nonhelical magnetic fields in incompressible turbulent flows, both in the classical [54] and relativistic regime [55] .
Apart from the effect of cosmic expansion, the evolution of L B depends on the Alfvén speed, v A = B/ √ ρ. During the radiation-dominated era the energy density ρ ≈ ρ rad decreases as R −4 . Thus taking into account Eq.(15), the Alfvén speed evolves as
Substituting this into Eq. (14) and integrating (analytically) shows that indeed magnetic tension causes a growth of the correlation length, L B ∝ R 3/2 , significantly faster than the Hubble expansion (∝ R). This solution remains valid until the photon mean free path for Thomson scattering, ℓ T = 1/σ T n e ∝ R 3 , with σ T the Thomson cross section and n e the number density of free electrons/positrons, becomes larger than L B . For the parameters describing our problem this transition takes place around R T ≈ 4 × 10 −7 (η/0.05) 2/3 . At this point radiation drag, F drag = ρv T /ℓ T , effectively inhibits the plasma motions induced by magnetic tension, B 2 /L B , and the unwinding of the field lines proceed at the much slower terminal speed [56] 
This situation persists beyond the epoch of radiationmatter energy density equality until shortly after the (re)combination era, R rec ≈ 10 −3 , when neutral hydrogen forms and the fraction of free electrons drops dramatically to x e ≈ 2.3 × 10 −4 , causing an increase in the photon mean free path by a factor x −1 e . The evolution equation for the correlation length (15) with v A properly replaced by v T can again be integrated analytically, resulting in a correlation length at recombination
pc, (18) where t rec is the time at recombination. The magnetic field strength according to Eq. (15) is then
After recombination the baryonic fluid is no longer coupled to the radiation field so that radiation drag is ineffective. In addition, the inertia of the plasma is determined by the baryonic matter alone: ρ b ∝ R −3 . As a result the Alfvén speed is boosted by a factor (Ω m /Ω b ) 1/2 , the square root of the ratio of total to baryonic matter density, and its growth with the cosmological expansion slows to being ∝ R 1/2 . Compared to Eq.(16) the evolution of the Alfvén speed is therefore rescaled as:
(20) Using this expression to integrate Eq. (15) we finally find the correlation length at present,
pc, (21) where t H is the Hubble time. The magnetic field strength is:
Concerning our assumption of the conservation of magnetic flux, we note that the resistive scale corresponding to λ η ≈ 3.4 × 10 −5 (R/R QCD ) 3/2 cm for T ≥ 1 MeV [53] (and taking Spitzer's value in the nonrelativistic regime at lower temperature) remains much smaller than the magnetic field correlation length, L B , both in the early universe and up until reionisation, when the temperature of the intergalactic plasma is smallest (and consequently the resistive scale largest). Therefore the characteristic scale of the magnetic field is not affected by this process.
The magnetic field strength in Eq.(22) depends essentially on a single parameter, the assumed efficiency of dynamo action, η B . This important parameter appears to converge to a value of 0.05 (corresponding to a mean value for time dependent flows) in the limit of high Reynolds number flows [14, 52] and in future may also be determined experimentally [57] . In any case our result rests upon the assumption that the velocity perturbations generated during QCD crossover scale as 1/ √ g * , as indicated by lattice simulation studies of this process [46] [47] [48] , and possibly testable in the future through the detection of the associated emission of gravitational wave (eLISA/New Gravitational Wave Observatory [68] , Big Bang Observatory, TOBA [69] ). The magnetic correlation length shows an additional mild dependence on (the inverse square root of) the number of relativistic degrees of freedom of the plasma, which can always be accurately calculated numerically. The magnetic field strength and its correlation length which we have found are rather insensitive to the exact value of the axion wavelength as long as λ a ≪ L QCD , since the eddy-turnover time L QCD /δu ≈ 10 −3 t QCD is significantly shorter than the Hubble time at the QCD crossover. This can be expressed as a constraint on the QCD axion mass, m a ≫ 2.5 × 10 −3 meV, which can be experimentally tested [70] and is consistent with the estimated range ∼ 0.05 − 1.50 meV corresponding to the assumption that axions contribute between 100% and 1% of the dark matter (in the post-inflation scenario) [58] .
From the observational point of view, for any reasonable choice of the turbulent dynamo efficiency, η B 0.05, the magnetic field strength is safely below the constraint imposed by Big-bang nucleosynthesis, as well as the more stringent limit of 10 −9 G set by the observed CMB anisotropy [1, 44, 59] . It is also compatible with the upper bound of ∼ 3 × 10 −9 G set by the maximal magnetic pressure support compatible with the formation of small cosmic structures [60] . Finally, the magnetic field strength and correlation length yield the following observable combination 
This quantity is of interest because it determines the degree to which the magnetic field in voids affects observable properties of the secondary cascade emission initiated by multi-TeV photons from distant blazars. These include modification of the spectral energy distribution, broadening of the angular profile and the time-delay correlation in blazar radiation at different energies. In particular, the observed absence of a GeV bump expected in the spectra of a number of distant blazars due to the absorption and reprocessing of their multi-TeV emission is interpreted as evidence of a magnetic field in voids stronger than 8 × 10 −16 G [21, 61, 62] . The strength predicted by axion magnetogenesis is significantly higher than this, in contrast to astrophysical models [18, 20] . There are other observable distinctions, e.g. in contrast to astrophysical models the magnetic field generated in our model is strong enough to cause a broadening of the secondary cascade emission which, although presently unobserved [63] [64] [65] [66] , should be detectable with CTA [73] .
